In this paper we give a survey of methods of Quaternionic Holomorphic Geometry and of applications of the theory to minimal surfaces. We discuss recent developments in minimal surface theory using integrable systems. In particular, we give the Lopez-Ros deformation and the simple factor dressing in terms of the Gauss map and the Hopf differential of the minimal surface. We illustrate the results for well-known examples of minimal surfaces, namely the Riemann minimal surfaces and the Costa surface.
Introduction
The study of immersions f : M → R 3 from a 2-dimensional Riemannian manifold into 3-space is a classical topic. Local results were obtained around the end of the 19th century by constructing local solutions of the Gauss-Codazzi equations for special surface classes, e.g. [1, 5, 6, 15] , usually given by conditions on the curvature or by variational properties arising from physical properties. For example, minimal surfaces are the critical points of the area functional with fixed boundary, and thus appear physically as soap films.
Minimal surfaces also occur in other settings in nature, for example in string theory where the apparent horizon is a minimal hypersurface (thus linking the theory of black holes to minimal surfaces and the Plateau problem [17] ), or in biological systems where triply periodic minimal surfaces give the structure of photonic crystals and their optical properties, [30] . Other examples of classically studied surfaces are isothermic surfaces, that is, surfaces which allow a conformal curvature line parametrisation: given a thermally isolated surface of constant heat conduction, the constant coordinate lines are isotherms if and only if the coordinates are isothermal. Examples of isothermic surfaces include surfaces of revolution. Finally, the so-called Willmore surfaces give another important surface class relevant for this paper: these surfaces are given as the critical points of the bending energy. One classical method of constructing new examples of surfaces of a given surface class is to use a suitable (geometric) transformation which simplifies the underlying PDEs and allows to construct new surfaces from a given simple one. A classical example is the Darboux transformation [15] for isothermic surfaces: if two conformal immersions are enveloped by a conformal Ribaucour sphere congruence then both surfaces are isothermic and are called Darboux transforms of each other. In particular, solutions of a Riccati equation allow to construct a Darboux transform of a given isothermic surface.
Research in surface theory gathered new impetus in the second half of 20th century: tools from geometric analysis and integrable systems allow to study global properties. In this paper, we are interested in the methods from integrable systems: Starting with the work of Uhlenbeck [39] integrable systems methods have been highly successful in the geometric study of harmonic maps from Riemann surfaces into suitable spaces, e.g., [21] , [40] , [3] , [9] , [16] , [38] . In particular, the theory can be used to describe the moduli spaces of surface classes which are given in terms of a harmonicity condition, such as CMC surfaces and Willmore surfaces, e.g., [4, 8, 12, 20, 33, 36] .
On the other hand, when comparing to the theory of algebraic curves, surface theory is still lacking in terms of tools, examples and classification results: the study of holomorphic maps f : M → C n where M is a Riemann surface is a far richer and more developed theory. The underlying Cauchy-Riemann equations can be solved globally, and algebraic curves can be studied via their holomorphic line bundles. Powerful tools include the classical Kodaira embedding, the Riemann-Roch Theorem and the Plücker theorem. The aim of Quaternionic Holomorphic Geometry is to combine these two theories by replacing complex numbers with quaternions. The main ingredient is the observation that conformal maps f : M → S 4 from a Riemann surface into the 4-sphere can serve as an analogue of a complex holomorphic map: the 4-sphere can be identified with the quaternionic projective space HP 1 so that conformal maps f : M → HP 1 can be studied in a similar way to complex holomorphic maps f : M → CP 1 . In this paper we survey some of the results in this area [2, 19] , e.g. the quaternionic versions of the Kodaira-, Plücker-and Riemann-Roch theorem. We also will discuss the link to integrable systems: the spectral curve of a conformal torus [7] is given in terms of a generalisation of the classical Darboux transform.
To link these results to minimal surfaces in 3-space, we first give a short but comprehensive description of geometric data of a conformal immersion into 3-space (including the mean curvature, the Gaussian curvature and the Hopf differential) in the language of Quaternionic Holomorphic Geometry and explore the consequences for minimal surfaces. In particular, we show that the conformal Gauss map of a minimal surface can be identified with the Gauss map and the support function of the minimal surface.
Since minimal surfaces in Euclidean 3-space give rise to various harmonic maps, that is, the immersion itself, its Gauss map and its conformal Gauss map, the study of minimal surfaces fits well within the theory of integrable systems -even though this link has not been studied in detail yet. However, in the recent study of properly embedded minimal planar domains [27, 28] algebro-geometric properties of the hierarchy of the Korteweg-de Vries equation have been used in an essential way whereas the same Lamé potentials appear in the study of the spectral curve of an Euclidean minimal torus with two planar ends and translational periods [11] . A further recent link is the observation that the well-known Lopez-Ros deformation of minimal surfaces is indeed a special case of the simple factor dressing of harmonic maps, [24] .
In this paper, we give the Lopez-Ros deformation and the simple factor dressing in terms of the Gauss map and the Hopf differential of the minimal surface. We illustrate the results for the Riemann minimal surfaces and the Costa surface.
Quaternionic Holomorphic Geometry
In this section we will give a short introduction of Quaternionic Holomorphic Geometry, for details and more results see [2, 19, 32] .
and < df (X), df (JX) >= 0 for all X ∈ TM where J is the complex structure on the Riemann surface M. If N is the Gauss map of f then the conformality condition can be expressed equivalently as
Denoting by * the negative Hodge star operator, that is, *ω(X) = ω(JX) for X ∈ TM, this can be written as
We now want to use the algebra of quaternions for computations. Recall that H = span R {1, i, j, k} where i 2 = j 2 = k 2 = −1 and ij = k. The imaginary quaternions are given by Im H = span R {i, j, k} and can be identified with Im H = R 3 . Similarly Re H = R so that H = R ⊕ R 3 . With this in mind, we can write the quaternionic multiplication for a, b ∈ Im H as
where <, > is the standard inner product on R 3 . In particular, the 2-sphere in R 3 is given by
Therefore, the Gauss map N : M → S 2 of an immersion f is a complex structure on the trivial line bundle 
(We will choose all quaternionic bundles to have quaternions act from the right).
where π : H 2 → H 2 /L is the canonical projection. The immersion f is conformal if there exists a complex
To simplify notations complex structures will be denoted by the same symbol J, e.g. on TM and H 2 /L, unless it is not clear from the context where the complex structure is defined. If f : M → H is an immersion then we consider f as map into HP 1 via its line bundle
In this case, the point at infinity is given by
L is an isomorphism and in the following, we will identify in this case H 2 /L = eH = ∞. In particular, Jπe = Ne defines a complex structure on H 2 /L and
shows that f is indeed conformal in HP 1 exactly when *df = Ndf .
To motivate further our idea that conformal immersions play the role of quaternionic holomorphic functions, we introduce a holomorphic structure on quaternionic bundles V over M. Given a complex structure J on V we can decompose every 1-
where
A (quaternionic) holomorphic structure on a complex quaternionic bundle (V , J) is a first order quaternionic linear operator D :
If we denote by E the +i eigenspace of J then the quaternionic bundle V = E ⊕ E is a double of the complex bundle E. The holomorphic structure D in general does not commute with J: decomposing D =∂ + Q into J-commuting and anti-commuting parts wherē
the J-commuting part∂ induces a complex holomorphic structure on E. This correspondence between linear subspaces of holomorphic sections and (branched) conformal immersions is a special case of the Kodaira embedding for quaternionic holomorphic bundles [19] .
If (V , J, D) is a complex quaternionic holomorphic bundle, then there is [32] a unique quaternionic holomorphic structure on KV −1 (where V −1 is the dual bundle of V) such that
for ω ∈ Γ(KV −1 ) and ψ ∈ Γ(V) where <, > denotes the standard pairing
of a complex quaternionic bundle V is the degree of the underlying complex bundle. With this at hand, the Riemann-Roch theorem of the complex holomorphic setting translates verbatim to the quaternionic setting by using the invariance of the index of an elliptic operator under continuous deformations: 
This theorem gives a first estimate on the number of holomorphic sections, and thus the number of conformal immersions with a given left normal, on a compact surface.
Complex holomorphic bundles of negative degree do not admit complex holomorphic section whereas quaternionic holomorphic bundles generally do (in which case, the Hopf field has to be non-trivial). This suggests that the quaternionic version of the Plücker formula will have to involve the Willmore energy; indeed, the Plücker estimate shows that the Willmore energy of a quaternionic holomorphic line bundle has to grow quadratically in the number of holomorphic section if the line bundle has more holomorphic sections than allowed in the complex holomorphic theory: Theorem 2.2 (Plücker formula, [19] Here, roughly speaking, ord H counts the singularities of all the higher osculating curves of the Kodaira embedding of V. The dual curve is the highest osculating curve; in case when L is a line subbundle of
The Plücker formula has ample applications, for example, it can be used to give a quantitive lower bound for the eigenvalues of the Dirac operator on surfaces or an area estimate for constant mean curvature tori f : T 2 → R 2 in terms of the genus of its spectral curve, [19] .
To discuss the spectral curve of a conformal torus, we will consider the complex quaternionic bundle V = H 2 /L given by a conformal immersion f : M → HP 1 with complex structure J. We can define a holomorphic structure on V by setting Dφ = (πdφ) More precisely, in the case of a torus, the fundamental group gives a lattice Γ ⊂ C and every representation h ∈ Hom(Γ, H * ) can be conjugated to a complex representation. The subspace of possible complex multipliers of holomorphic sections is a 1-dimensional analytic variety, and its normalisation to a Riemann surface is the spectral curve Σ of the conformal torus. In particular, there is a smooth map 
where the S-commuting parts of d ′′ and d ′ are given bȳ
respectively. The S anti-commuting parts are the Hopf fields of S:
Put differently, the Hopf fields give a decomposition dS = 2(*Q − *A) (2.7)
of the differential of the complex structure S into type, so that (dS) ′ = −2 * A and (dS) ′′ = 2 * Q.
In particular, if L ⊂ H 2 is a line subbundle and SL = L then S induces a complex structure J on H 2 /L via Jπ = πS and the corresponding holomorphic structure (2.4) on H 2 /L is given by
where πφ = φ. A special choice of complex structure is the conformal Gauss map of a conformal immersion f :
it is the unique complex structure S ∈ Γ(End(H 2 )),
and Q| L = 0 where L is the line bundle of f . The first three conditions show that S : M → S 4 defines a sphere congruence so that S(p) goes through f (p) and whose tangent space at p coincides with the tangent space of f at p for all p ∈ M. The condition on the compatibility of S and δ implies that the orientations of the tangent spaces coincide. The final condition on the Hopf field shows that the mean curvature vectors of f and S(p) coincide at p, [2] . Put differently, the conformal Gauss map can be seen geometrically as the mean curvature sphere congruence of f . We will identify 2-forms ω with quadratic forms via ω(X) = ω(X, JX). In particular, if ω = η ∧ θ then
Conformal immersions in R
and the quadratic form of the 2-form ω is η * θ − *ηθ. Since *df = Ndf = −dfN, *(*df ) = −df , and df = −df we thus see that df ∧ *df = −df 2 − *df 2 = −2df 2 = 2|df | 2 , so that the conformal factor is in the quaternionic language given by
where N : M → S 2 is the Gauss map of f with *df = Ndf = −dfN. Differentiating df = NdfN gives
The mean curvature vector is H = Since f is an immersion and
we see that (3.2) is equivalent to
The Gaussian curvature is given by
X), II(JX, JX) > − < II(JX, X), II(X, JX) > )︀
A straightforward computation [2] using (3.1), the conformality *df = Ndf = −dfN of f , < Na, b >= − < a, Nb > and
Using the complexification Here we denote by <, > the standard symmetric bilinear form on C 3 that is < a, b >= ∑︀ 3 i=1 a i b i where a i , b i ∈ C denote the coordinates of a, b ∈ C 3 respectively.
The Hopf differential of f is the (complex) quadratic form:
Since < fzz , N >= − < Nz , fz >= Re (Nz fz) = 1 2 (Nz fz + fz Nz) we see that Q is twice the real part (with respect to the quaternions) of −dN (1, 0) df (1, 0) , that is,
where ω (1,0) = 1 2 (ω −i * ω) is the (1, 0)-part of a 1-form ω with respect to the complex structure i . In particular, the Hopf differential is independent of the choice of conformal coordinate.
The Willmore energy of f is given by
and the integrand relates to the Hopf differential by
Consider the complex structure
We will now show that S is the conformal Gauss map of f . Using (3.3),
and the Hopf fields (2.6) compute to
where ω = −dH − N * dH + H * (dN) ′′ . In particular, Finally, Qψ = 0 so that Q| L = 0, and S is the conformal Gauss map of f . Using (3.3) and (3.4) we have
On the other hand,
In particular, the Willmore energy of f is gien by 
Minimal surfaces
In this section we will collect the main properties of minimal surfaces, that is, surfaces with vanishing mean curvature, needed for this paper. To apply tools from Quaternionic Holomorphic Geometry, we will consider conformal immersions f : M → R 3 .
Recall (3.2) that a conformal immersion
where H is the mean curvature, e u is the conformal factor and N is the Gauss map of f . In particular, if f is conformal then f is a minimal surface if and only if f is harmonic. Put differently, a conformal immersion is minimal if there is a holomorphic function Φ :M → C 3 from the universal coverM to complex 3-space C The Enneper-Weierstrass representation allows to construct holomorphic null curves, and thus minimal surfaces, from the Weierstrass data (g, ω) where g is meromorphic function and ω a holomorphic 1-form by
Here a pole p of g of order m has to be a zero of order 2m of ω. The holomorphic function g is the stereographic projection of the Gauss map N of f :
The Weierstrass data of a minimal surface can be recovered from the holomorphic null curve
where Φ i are the coordinate functions of Φ.
Since Φ is holomorphic we have fx = f 
The Gaussian curvature K|df | 4 = −|Q| 2 is given by
Since the holomorphic null curve Φ θ = e −i θ Φ of the associated family f θ is given by the holomorphic null curve Φ of f , the Weierstrass data (4.1) of f θ compute to g θ = g and ω θ = e −i θ ω .
In particular, the Gauss map N θ = N is preserved for the associated family f θ whereas the Hopf differential is changed by
Note that the Gauss map and the Hopf differential determine a minimal surface uniquely (up to translation).
From (3.3) we see that the Gauss map of a minimal surface is conformal with
In particular, N is harmonic since the Laplacian of N is normal: The support function u =< N, f > of a minimal surface f is a Jacobi function, see [23] for a discussion of Jacobi functions of a minimal surface in the quaternionic context. The Hopf field (3.7) of S computes
Since df ∧ dN = df * dN − *dfdN = 0 we see that
and the conformal Gauss map is harmonic. Therefore, every minimal surface f : M → R 3 is a Willmore surface, and its Willmore energy
is the negative of the total curvature of the minimal surface f . By a result by Osserman, [31] , a complete minimal surface f : M → R 3 has finite total curvature if M is conformally equivalent to a compact Riemann surfaceM, punctured at finitely many points {p 1 , . . . , pr}, such that dΦ extends meromorphically into the punctures p i . If z is a conformal coordinate centered at p and f is complete near p, then p is an embedded finite total curvature end if and only dΦ has a pole of order 2 at z = 0 and the residue of dΦ at z = 0 is real, [24] . If the residue is zero, the end is called planar, otherwise, it is called catenoidal.
Minimal surfaces and integrable systems
As we have seen, minimal surfaces are given by complex holomorphic functions, and one of the reasons for the comparable success of the theory of minimal surfaces is due to the wealth of methods from Complex Analysis that can be used to study minimal surfaces. On the other hand, in the recent study of properly embedded minimal planar domains [27, 28] algebro-geometric properties of the hierarchy of the Korteweg-de Vries equation have been used in an essential way.
A further reason that we are interested in studying minimal surfaces with the tools of integrable systems is the important open question whether there exists a complete, embedded minimal surface of genus g ≥ 1 of finite total curvature with more than g + 2 ends. It is conjectured, this is part of the Finite Topology Conjecture by Hoffman and Meeks [22] , that there are no such minimal surfaces. In the case of genus g = 0 the Finite Topology Conjecture is true: using a deformation on the Weierstrass data, López and Ros [25] showed that the only complete, embedded, finite total curvature minimal surfaces of genus g = 0 are the catenoid and the plane, thus showing that in this case the number of ends is less or equal to g + 2. In a recent paper the López-Ros deformation [24] has been identified as a special case of a well-known operation in integrable systems, the simple factor dressing, applied to the conformal Gauss map of the minimal surface. We will summarise the key results in [24] and give a new view of the simple factor dressing in terms of the Gauss map and the Hopf differential.
Given a harmonic map from a Riemann surface to an appropriate target space, there is an associated family of flat connections, given by the spectral parameters µ ∈ C * . Conversely, under reality and holomorphy assumptions flat connections of the appropriate form give rise to harmonic maps. To obtain new harmonic maps from a given one, one can thus investigate which gauge matrices r λ give new suitable families of flat connections. The resulting new harmonic maps are called dressings. A particular simple choice is for r λ to have a simple pole away from 0, ∞: in this case, every parallel bundle of the original family of flat connections gives a dressing matrix r λ , and one can explicitly compute the new harmonic map. In case when N : M → S 2 is the Gauss map of a minimal surface, the associated family of flat connections on H is given by
with a = 
where µ ∈ C * gives the pole of the dressing matrix and m ∈ H * the parallel complex line bundle βC of the simple factor dressing. Note however, that the harmonic Gauss map does not uniquely determine the minimal surface: the catenoid and the Enneper surface have Weierstrass data (g(z) = z, ω = dz z 2 ) and (g(z) = z, ω = dz) respectively so that the Gauss maps coincide. ′′ is the holomorphic structure d ′′ given in (2.5) and (2.8) shows that eα ∈ H 0 (H 2 /L). Moreover, the section eα + ψβ is the prolongation of eα and therefore, φH is a Darboux transform of f . This way, the simple factor dressing relates to the spectral data we discussed before. When restricting to the case when the dressed surface takes values in 3-space the simple factor dressing with parameter (µ, m) is given by [24] 
and m ∈ H * gives again the complex parallel bundle span C {em, eα+ψβ} whereas µ ∈ C * gives the pole of the simple factor dressing. The simple factor dressingf :M → R 3 with parameter (µ, m) is a minimal surface in 3-space which is complete if f is complete. The Gauss map of a simple factor dressing of f is the simple factor dressing of the Gauss map N of f (with the same parameters). The case when m = 1 is called a simple factor dressing with parameter µ and is denoted by f µ . It is given by This allows to easily investigate the periods of the simple factor dressing: a simple factor dressing is closed if all flux, that is, the periods of the conjugate surface, can be rotated simultaneously into the line iR. Moreover, the end behaviour can be controlled:
Theorem 5.1 ([24] [25] . The Lopez-Ros deformation is, [24] , a special case of the simple factor dressing: Put differently, the simple factor dressing of a minmal surface is given by performing a simple factor dressing of the Gauss map while fixing the Hopf differential (whereas the assocciated family fixes the Gauss map and rotates the Hopf differential).
We summarise: 
and Hopf differentialQ = Q.
The simple factor dressing: examples
We conclude this paper with a discussion of the simple factor dressing of some well-known minimal surfaces, the Riemann minimal surfaces and the Costa surface. We discuss whether it is possible to close periods of the simple factor dressing in the examples.
The Riemann minimal surfaces
Riemann described in [34] a 1-parameter family of complete, embedded, singly periodic minimal surfaces which are foliated by circles in parallel planes. Recently, it has been shown [27, 28] that every properly embedded, minimal planar domain M ⊂ R 3 with infinite topology is a Riemann minimal example.
The Shiffman function of a minimal surface measures the curvature variation of the parallel sections of the surface. Thus, the Shiffman function vanishes identically if and only if the minimal surface is foliated by circles and straight lines in parallel planes, [37] . The Shiffman function is a Jacobi function, and thus gives rise to a holomorphic section of H 2 /L, see [23] . In particular, the integrable hierarchy given by the Shiffman function for a properly embedded minimal planar domain in [28] links to the spectral data of a minimal surface, that is, the possible monodromy of holomorphic sections φ ∈ H 0 (H 2 /L).
The holomorphic null curve of the Riemann minimal surface with parameter σ is given by (see [26] for the parametrisation and details on the following implementation) To simplify the computations, we will consider the translated holomorphic null curve Φ =Φ− Re (Φ(1))− Im (Φ(−σ)) , and use the symmetries of the surface to construct the complete surface from the fundamental domain, for details, see [26] :
In particular, the translational period τ * of the conjugate surface is rotates τ * via mτ * m −1 = i √ a 2 + c 2 into a multiple of i. Then the simple factor dressing with parameters (µ, m) has the same translational period as the Riemann minimal surface by Theorem 5.1. Since the Riemann minimal surface has planar ends, so does the simple factor dressing. However, the simple factor dressing, as the Lopez-Ros deformation, in general does not preserve embeddedness:
Note that the Lopez-Ros deformation in this case will not close the periods along the catenoidal necks. of the Costa surface.
